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Abstract
In his paper (Invent. Math. 109 (1992) 329–350), Solomon ﬁnds an information on the prime
factorization of an element coming from a circular unit 1− over the ideal class group of a real
abelian number ﬁeld L, where  denotes a root of unity. Using this he obtains an annihilator of
the p-Sylow subgroup of the subgroup of the ideal class group of L generated by the classes
of prime ideals lying above p. We generalize this result to the circular distributions which has
the axiomatic deﬁnition of Euler systems as its deﬁning property.
© 2005 Elsevier Inc. All rights reserved.
MSC: 11R27; 11R29
1. Introduction
Let L be an abelian number ﬁeld in a ﬁxed algebraic closure Qalg of Q. Let Lre
be the maximal totally real subﬁeld of L. Let n be the set of nth roots of unity in
Qalg and ∞ =
⋃
n∈N n, where N denotes the set of positive integers. For each
n ∈ N we ﬁx a primitive nth root of unity n such that mmn = n. For a prime p,
we denote by Clp(Lre) the p-Sylow subgroup of the subgroup of the ideal class group
of Lre generated by the classes of prime ideals lying above p. Using the cyclotomic
unit 1 − n, D. Solomon ﬁnds an annihilator of Clp(Lre) (cf. [14]). We extend this
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method in a general setting. In order for this we need to deﬁne the notion of circular
distribution (cf. [2,9]).
We let ∗n = n \ {1}, ∗∞ =
⋃
n∈N ∗n. A Galois equivariant map  from ∗∞ to
(Qalg)× is called a circular distribution if  satisﬁes the following product formulas
and congruence relations. Let d and n be any positive numbers and l be any prime
number which is prime to n. For any  ∈ ∗∞,  ∈ n and  ∈ l ,
∏
d=
() = (), (1)
() ≡ () modulo primes over l.
We denote the set of all circular distributions by F .
Let Qp be the p-adic local ﬁeld. We write G(F/L) for the Galois group of any Galois
extension F/L and write NF/L for the norm map from F to L. For each  ∈ F, we
associate an annihilator of Clp(Lre). In the following theorem, we suppose that p is an
odd prime which splits completely in L. Let p : L → Qp denote the embedding of L
into Qp corresponding to the prime p over p. We state our main result of this note.
Theorem 1. Let L be a real abelian ﬁeld of conductor f and let  ∈ F . Suppose that p
is an odd prime which splits completely in L and p (f ). Then the following element
of the group ring Zp[G(L/Q)]
(1/p)
∑
g∈G(L/Q)
logp(p((NQ(f )/L((f )))
g−1))g
annihilates Clp(Lre).
Notice that in this paper we consider the case when the prime p is odd even though
Solomon’s paper covers for the case p = 2 as well. In applying the argument of Euler
systems (cf. [6–8]), the case p = 2 is more technical as Greither’s paper [5] shows.
Due to results of Greither (cf. [5]), we believe that a similar theorem holds when
p = 2.
When  = 	 with 	() = 1 − , Theorem 1 reduces to Solomon’s Theorem 4.1 of
[14] for odd primes. We show that most of the algebraic properties of 1 −  used to
obtain an element 
 (see §2) in Solomon’s paper hold for the circular distributions in
F . In generalizing Solomon’s result in a full strength to the circular distributions, one
may lack the analytic properties used in the ﬁnal step of Solomon’s paper. We can
handle this difﬁculty using some results of our earlier works under a restriction on the
degree of extension.
Coleman conjectures that the circular distributions is a cyclic lim←− Z[G(Q(n)/Q)]-
module generated by 	 modulo the torsions. An afﬁrmative answer to Coleman’s
conjecture leads us to a theorem without having any restriction on the degree of
extension of k, i.e., that for all prime p which splits completely in L and all  in
F , (1/p)∑g∈G(L/Q) logp(p((NQ(f )/L((f )))g−1))g annihilates Clp(Lre).
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The proof of Theorem 1 consists of three parts. Firstly, one analyzes the circular
distributions and obtains basis properties of the circular distributions. Secondly, using
the arguments of Euler systems one shows that the deviation of the circular distributions
from the circular units is essentially removable. Finally, one can use Conrad’s basis of
the circular units modulo the torsions to derive that the circular distributions are cyclic
over certain modules.
In §§2 and 3, we closely follow Solomon’s work with 1 −  replaced by a circular
distribution  in F . In §4, we will introduce our earlier works and apply them to
establish the proof of Theorem 1.
2. Basic properties of circular distributions
Throughout the paper, we assume p is an odd prime. The rational ﬁeld Q has a
unique Zp extension B∞, the cyclotomic Zp-extension, inside a ﬁxed algebraic closure
Qalg of Q. Let Bn be the unique subﬁeld of B∞ of degree pn over Q.
We deﬁne, as in the introduction, circular distribution to be a Galois equivariant
map  : ∗∞ −→ Qalg if it satisﬁes product conditions and congruence relations of Eq.
(1). Let F denote the set of all circular distributions.
Given an abelian number ﬁeld L of conductor f, we write Lre for the maximal real
subﬁeld of L. Let p split completely over L. We let Ln denote the composite LBn
of L and Bn for each n ∈ N ∪ {∞}. For each pair (, n) ∈ F × N we associate an
element (, n) of L×∞ which will be denoted by 

n of L×∞,
 : F × N −→ L×∞, (, n) = n := NQ(fpn+1 )/Ln(fpn+1).
Then n satisﬁes the following basic properties.
Lemma 2. n is a unit and lies in the maximal real subﬁeld Lren of Ln. If L is real
then n is totally positive for all n.
Proof. The ﬁrst assertion follows from Lemma 2.2 of Seo [10]. If L is real then n
is positive since G(Q(fpn+1)/Ln) contains the complex conjugation. Let  be the
complex conjugation. Then
(n )
−1 = NQ(
fpn+1 )/Ln((
−1
fpn+1)/(fpn+1)).
The ratio (−1
fpn+1)/(fpn+1) is a root of unity in Q(fpn+1) since the absolute values
of all Galois conjugates are equal to one. Therefore it follows that
(−1
fpn+1)/(fpn+1) = ± for some  ∈ f ,  ∈ pn+1 .
Now, we just apply the same argument of Proposition 2.1 of Solomon [14] to con-
clude the above equation equals one. For the completeness of proof, we state it here.
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Since Bn and L are linearly disjoint over Q, we have
(n )
−1 = NQ(
fpn+1 )/Ln(±)NQ(fpn+1 )/Ln()
= NQ(
fpn+1 )/Bn(±)[Q(f ):L]NQ(f )/L()p−1.
The ﬁrst factor of the above equation vanishes as the norm of any root of unity to a
totally real ﬁeld is equal to one. Let M denote the maximal subﬁeld of Q(f ) over
which p splits completely. Hence, the Galois group G(Q(f )/M) is generated by the
Frobenius Frp of G(Q(f )/Q). As p splits completely in L we have NQ(f )/L()
p−1 =
NM/LNQ(f )/M()
p−1. The factor NQ(f )/M()
p−1 vanishes from an explicit computa-
tion using the Frobenius map Frp. This completes the proof. 
Lemma 3. NLrem/Lren 

m = n for all n | m and 0 = 1.
Proof. By Lemma 2,
NLrem/Lren 

m = NLm/Lnm = NLm/LnNQ(fpm+1 )/Lm(fpm+1)
= NQ(
fpm+1 )/Ln(fpm+1)
= NQ(
fpn+1 )/LnNQ(fpm+1 )/Q(fpn+1 )(fpm+1)
= NQ(
fpn+1 )/Ln(fpn+1) = 

n .
As p splits completely in L we have
0 = NQ(f )/LNQ(fp)/Q(f )(fp) = NQ(f )/L(f )Frp−1 = 1. 
For a number ﬁeld F we denote by OF the ring of integers of F. For each a in F
let the fractional ideal aOF be decomposed into a product of prime ideals
∏
qrq . For
each prime q of F we deﬁne ordq : F× → Z to be ordq(a) = rq so that
aOF =
∏
qordq(a).
Let  be a ﬁxed topological generator of the Galois group G(Q∞/Q)G(L∞/L)Zp.
From Lemma 3 and Hilbert Theorem 90, we can ﬁnd an element n () ∈ Lren such
that (n ())−1 = n . Note that n () is uniquely determined modulo ((Lre)×)pn . We
write

n () := NLren /Lren () ∈ H 1(G(Qalg/Lre), pn).
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Proposition 4. If q  p is a prime ideal of Lre, then
ordq(
n ()) ≡ 0 (modulo pn).
Proof. See Proposition 2.2 of Solomon [14] or Proposition 2.4 of Rubin [7]. 
For mn, let bm(), bn () be elements in Lrem, Lren such that (b

m())−1 = m,
(b

n ())−1 = n , respectively. Since (NLrem/Lren bm())−1 = NLrem/Lren m = n the element
NLrem/Lren b

m() represents the element of 

n () and hence

n () = NLren /Lrebn () = NLren /LreNLrem/Lren bm()
= NLrem/Lrebm()
≡ 
m() modulo ((Lre)×)pn .
This shows that the sequence {
n ()}n forms an inverse system with respect to the
natural maps (Lre)×/((Lre)×)pm → (Lre)×/((Lre)×)pn . We deﬁne 
() to be the
inverse limit of this sequence {
n ()}n,

() := lim← 


n () ∈ lim←− H 1(G(Qalg/Lre), pn).
We denote by I (Lre), I(p)(Lre) the group of fractional ideals and the group of fractional
ideals supported by primes which are prime to p, respectively. Let  denote the map
a → (a) = aOLre followed by the natural projection I (Lre) −→ I(p)(Lre),
 : (Lre)× −→ I (Lre) −→ I(p)(Lre).
Then the kernel of  is the group of p units. Let m be the cardinality of I(p)(Lre)/Im()
and let ps be the maximum power of p dividing m. Let 
i+s () ∈ (Lre)× be a repre-
sentative of 
i+s(). By Proposition 4, (

i+s
 ()) = ap
i+s for some a in I(p)(Lre). As
the greatest common divisor of m and pi+s equals ps we have
(
i+s ()) = ap
i+s = zpi for some z ∈ Im().
It follows that there is an element z′ in (Lre)× such that 
i+s ()(z
′)pi is a p unit. Since
we can take 
i+s () as a representatives of 


i (), we have following proposition.
Proposition 5. Let Ep(Lre) be the group of p units in kre. Then we have

() ∈ Ep(Lre) ⊗ Zp,
where Ep(Lre) denotes the group of p units of Lre.
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In Proposition 5 
() depends on the generator  of G(Q(p∞)/Q) and  in F .
Let
cyclo : G(Q(p∞)/Q(p))
−→ 1 + pZp
be the cyclotomic character and let logp : Q×p → pZp denote the usual p-adic log-
arithm. We normalize 
() as (
())(1/p) logp(cyclo()) which is independent of the
choice  ∈ G(Q(p∞)/Q(p)) (cf. [14]). We write

 := (
())(1/p) logp(cyclo()).
Note that 
 depends only on  and the ground ﬁeld L. As the ground ﬁeld L is ﬁxed
throughout the paper we use the convention of writing 
 without letter L.
The usual p-adic valuation ordp from Ep(Lre) to Z has the Zp-linear extension from
Ep(L
re) ⊗ Zp to Zp. We will use the same notation “ordp” for this extended one as
the usual one. We will determine ordp
i of 


i when p divides p in the next section
by studying the local behavior of 
i .
3. p-Adic analysis
Let Bn,p be the unique subﬁeld of Qp(pn+1) such that [Bn,p : Qp] = pn. Thus
we can identify Bn,p with the completion of Bn at its unique prime above p. Let Un
denote the group of units of Qp(pn+1). We write B∞,p =
⋃
n∈N Bn,p. Since p splits
completely in L, each prime p of L corresponds to a unique embedding of L into Qp
and we can extend this to Qalg which we will denote by p : Qalg → (Qp)alg. Choose
a primitive pn+1th root of unity εn such that εpn+1 = εn in Qalgp and a uniformiser
n = εn − 1 of Qp(pn+1). For  ∈ F , let
u

n := p(NQ(
fpn+1 )/L(pn+1 )(fpn+1)) ∈ Qp(pn+1)×
and
u = lim←− u

n ∈ lim←− Un.
Since the norm of NQp(p∞ )/B∞,pu

n from Qp(pn+1) to Qp(p) is 1, we can ﬁnd
an element n ∈ Qp(pn+1) such that NQp(p∞ )/B∞,pun = (n )−1 which is unique
modulo Qp(p). Then (

n ) forms a norm coherent sequence modulo Qp(p). Let
a

n = ordn(n ) which is well-deﬁned modulo pnZ. Since the sequence (n ) is norm
coherent and m is totally ramiﬁed over n whenever mn, we can take the inverse
limit
a() := lim←−(a

n ) ∈ lim←− Z/pnZ = Zp.
As n+k is deﬁned inside Qp(pn+k+1) which is unique modulo Qp(p), we can
deﬁne the following norm element inside Qp(pn+1) which is unique modulo Qp(p)p
k
,

ˆn,k := NQp(pn+k+1 )/Qp(pn+1 )

n+k ∈ Qp(pn+1).
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As Qp(p) is contained in Qp(pn+1) we project 
ˆn,k into Qp(pn+1)/Qp(pn+1)p
k
.
For all lk0 it follows from 
ˆn,l ≡ 
ˆn,k modulo Qp(pn+1)p
k
that one can deﬁne

ˆn,∞ := lim←− k 
ˆ

n,k ∈ lim←− k Qp(pn+1)/Qp(pn+1)p
k
. We have the following decomposi-
tion:
Qp(pn+1)/(Qp(pn+1))
pk(n)/(
pk
n ) × U1n/(U1n )p
k
Z/pkZ × U1n/(U1n )p
k
where U1n is the group of principal units 1 + (−n) of Qp(pn+1). We let p1, p2 be
the projections to the ﬁrst factor and the second factor, respectively, in the above de-
composition. As p1(
ˆ

n,k) ≡ an+k modulo pn+k we get p1(
ˆn,k) ≡ an+k modulo pk.
By letting k approach to inﬁnity, we have
p1(
ˆ

n,∞) := lim←−
k
p1(
ˆ

n,k) = a() ∈ Zp.
It follows from p2(
ˆ

n,l) ≡ p2(
ˆn,k) modulo Up
k
n for all lk0 that we have
p2(
ˆ

n,∞) = lim←− k p2(
ˆ

n,k) ∈ lim←− k U1n/(U1n )p
k = U1n . Moreover, from the equation
NQp(pm+1 )/Qp(pn+1 )(p2(
ˆ

m,k)) ≡ p2(
ˆn,k) modulo (U1n )p
k
we obtain
NQp(pm+1 )/Qp(pn+1 )p2(
ˆ

m,∞) = p2(
ˆn,∞) for all mn0.
Hence, we can deﬁne the inverse limit lim←− n p2(
ˆ

n,∞) ∈ lim←− n U1n with respect to the
norm maps. For these coherent sequences {p2(
ˆn,∞)}n in lim←− U1n and {u

n }n in lim←− Un,
we associate Coleman power maps (cf. [1]) g2 (T ) and g(T ) in Zp[[T ]], respectively.
Let c ∈ (1+pZp)− (1+p2Zp) be the element corresponding to the generator  under
a ﬁxed isomorphism,
1 + pZp = G(L∞/L).
The relation between g2 (T ) and g(T ) is given by the following theorem.
Theorem 6 (Solomon [14, Theorem 3.1]).
∏
w∈(q)
g((1 + T )w − 1) =
(
(1 + T )c − 1
T
)a() g2 ((1 + T )c − 1)
g

2 (T )
Proof. See the proof of Theorem 3.1 of Solomon [14]. 
Theorem 7. Let P(X) be a rational function in L(X) such that P(0) ≡ 1 modulo p
and
P(fpi+1
−p−i−1
f ) = NQ(fpi+1 )/L(pi+1 )(fpi+1),
then we have
ordp(
) = (1/p) logp(p(P(1)))
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Proof. From the deﬁnition of i = NQ(fpi+1 )/Li(fpi+1) and as p splits completely
in Q(f ), we obtain that
(p)ordp(i ) = ord0(
ˆ0,i ) ≡ a() modulo pi.
As the above equation holds for all i it follows that:
(p)ordp(
) = a(). (2)
We now compute ordp(
) of 
,
ordp(
) = (1/p) logp(c)ordp(
(c))(by deﬁnition of 
)
= (1/p) logp(c)(a())(a())−1ordp(
(c))
= (1/p)(p) logp g(0)(a())−1ordp(
(c))(by Theorem 6)
= (1/p) logp(g(0))(by Eq. (3)).
If a polynomial P(X) has following property:
P(fpi+1
−p−i−1
f ) = NQ(fpi+1 )/L(pi+1 )(fpi+1),
then
p(P(fpi+1
−p−i−1
f )) = ui.
We let εi = p(fpi+1−p
−i−1
f ) and g(T ) = p(P)(T + 1) so that g(εi − 1) = ui .
Finally we have
ordp(
) = (1/p) logp(g(0)) = (1/p) logp(p(P(1))).
This completes the proof. 
As deﬁned in the introduction we denote by Clp(Lre) the p-Sylow subgroup of the
subgroup of the ideal class group of Lre generated by the classes of prime ideals lying
above p.
Corollary 8. (1/p)
∑
g∈G(L/Q) logp(p((P(1))g
−1
)) g annihilates Clp(kre).
Proof. Let  be an imbedding of L to Qp which corresponds to a prime p of L. Let
t be a totally positive p-unit in 
n and
t = pa(n) for some a(n) ∈ Z[G(L/Q)].
Let pn be the order of Clp(Lre). Then we get
ordg−1(p)(t) ≡ ordg−1(p)( 
) ≡ (1/p) logp(p(P(1))) modulo pn.
Since p generates Clp(Lre) as Galois module, we conclude the proof. 
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When () = 1 − , one (cf. [14]) can take
P(X) =
∏
h∈G(Q(f )/L)
(1 − hf X).
In this case, it follows from
p(P(1)) = p(NQ(f )/L(1 − f ))
and Theorem 7 that
ordp(
) = (1/p) logp(p(NQ(f )/L(1 − f ))).
Moreover Corollary 8 tells us that
(1/p)
∑
g∈G(L/Q)
logp(p((NQ(f )/L(1 − f ))g)) g−1
annihilates Clp(Lre).
4. Proof of Theorem 1
For each n ∈ N, odd prime p and f > 0, let F(fpn) denote the set of all ()
as  ranges over all F and  runs through all fpn . Let Efpn be the group of
global units of Q(fpn) and let Cfpn be the group of circular units. For the basic
deﬁnitions and properties of circular units we refer the reader to [12–14]. We write
Ffpn := F(fpn)
⋂
Efpn which is of ﬁnite index in Efpn . Using the argument of
Euler Systems, one can show, in fact, that the indices of the circular units in the global
units are bounded independently of n.
Theorem 9. Let p be an odd prime such that ((f ), p) = 1. Then ((Ffpn/Cfpn)
⊗ Zp
) = 1 for all n. Moreover the indices [Ffpn : Cfpn ] are bounded independently
of n.
Proof. See Theorem A of Seo [10]. 
Theorem 9 shows that the p primary parts of Ffpn and Cfpn are equal and the total in-
dices are bounded. Our next aim is to show that Ffpn is generated as
Zp[G(Q(fpn)/Q)] module by 	() = 1 − . In order for this we introduce Con-
rad’s basis for the group of cyclotomic units modulo the torsions of the cyclotomic
ﬁelds (cf. [3,4]).
By the relative circular units Ĉm we denote the group Cm modulo the group of
±m
∏
d|m,d =m Cd. Conrad constructed a basis Bm =
⋃
d|m B̂d of Cm so that B̂d
induces a basis for the group of relative cyclotomic units Ĉd [3, pp. 13–14]). By
B̂d ⊂ Cd we denote a subset of Cd which maps to a basis of Ĉd .
Let D(m) be the cyclic Rm := Z[G(Q(m)/Q)] module generated by 1 − m and
Dm be the units in D(m),
D(m) := (1 − m)Rm = {(1 − m)rm |rm ∈ Rm}, Dm := D(m) ∩ Em.
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Note that D(m) = Dm if m is divisible by two distinct primes. Let m = pe11 · · ·perr .
It follows from the observation D(pa11 · · ·parr ) ⊂ D(pb11 · · ·pbrr ) for 1aibi, that
Cn =∏d||n Dd . We need the following results.
Theorem 10. If B̂d ⊂ Cd maps to a basis of Ĉd for d|m then Bm = ⋃d|m B̂d maps
to a basis of Cm/(±m).
Proof. See Theorem 5.3 of Conrad [3]. 
Lemma 11. Let b ∈ B̂m. Then we can write b = (1 − m)rm for some rm ∈ Rm.
Proof. See [11]. 
Let < B̂d > denote the group generated by B̂d .
Lemma 12. NQ(pwf )/Q(pvf )(< B̂pwf >) =< B̂pvf > for 1vw.
Proof. See [11]. 
For the completeness of our arguments, we include the proof of the following theorem
which is a combination of Theorems 8 and 2.4 of Seo [11]. Suppose that p (f ).
Let lcm(f, p) denote the least common multiple of f and p. Let Z′ denote the subring
of the rationals Q generated over Z by q−1 as q ranges over all primes q dividing
(lcm(f, p)), Z′ := Z[q−1| q | (lcm(f, p))]. This makes Z′[G(Q(fpn)/Q)] a subring
of Q[G(Q(fpn)/Q)]. We write R′fpn := Z′[G(Q(fpn)/Q)].
Theorem 13. Let  ∈ F and (p,(f )) = 1. Then we obtain (fpn) = (1−fpn)r(fpn)
for some r(fpn) ∈ R′fpn .
Proof. If f = p then it follows immediately from the hypothesis that (fpn) =
(1 − fpn)r(fpn) for some r(fpn) ∈ R′fpn . Now suppose f = p. We know in this case
that (fpn) is a unit and hence (fpn) lies in the R′fpn submodule generated by the
circular units. Let fpn = pe11 pe22 pe33 · · ·perr . Let (fpn) =
∏
s|fpn G(s) modulo ±fpn
for some G(s) ∈ R′fpnB̂s . We claim that all the G(s) terms with p1p2p3 · · · pr  s are
trivial. Suppose q = p1|fpn, and write
(fpn) ≡
∏
q|a|fpn
G(a)
∏
q  b|fpn
G(b) modulo ± fpn .
Suppose w ∈ N and write
(fpnqw ) ≡
w+e1∏
i=1
∏
d| fpn
qe1
G′(qid)
∏
q  b
G′(b) modulo ± fpnqw .
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Applying NQ(fpnqw )/Q(fpn ) we see, using Lemma 12,
(fpn) ≡
∏
q|a
G′′(a)
⎛
⎝∏
q  b
G′(b)
⎞
⎠q
w
modulo ± fpn
for some G′′(a) ∈ R′aB̂a. Note that G′(b) also depends on the choice of w and the
exponent qw can be made arbitrarily large. From the basis expression of Theorem 10
it follows that
∏
q  b|fpn G(b) ∈ ±fpn . As q can be varied from p1 through pr our
claim is proved and hence
(fpn) =
∏
G(s),
where the product is taken over s|fpn such that s is divisible by p1 · · ·pr . It then
follows from Lemma 11 and facts that
G(s) ∈ R′fpnB̂fpn for all s, with p1 · · ·pr |s
and that ±fpn ⊂ Dfpn that
(fpn) = (1 − fpn)r(fpn) for some r(fpn) ∈ R′fpn . 
We now ﬁx a constant t which is prime to p such that (fpn+1)t = (1− fpn+1)a(n)
for some a(n) in Rfpn+1 . Note that the constant t is independent of  and n. We write
a(n) =
∑
∈G(Q(
fpn+1 )/Q )
a =
∑
g∈G(L/Q)
∑
∈G(Q(
fpn+1 )/Q ),|L=g
a
and for each g ∈ G(L/Q) we denote
ag :=
∑
∈G(Q(
fpn+1 )/Q ),|L=g
a.
With these notations, we introduce
P(X) =
∏
g∈G(L/Q)
∏
w∈G(Q(f )/L)
(1 − wf X)a
gg.
Then P(0) = 1 modulo p and
P(fpn+1
−p−n−1
f ) =
∏
g∈G(L/Q)
∏
w∈G(Q(f )/L)
(1 − wf fpn+1−p
−n−1
f )
agg
=
∏
g∈G(L/Q)
NQ(
fpn+1 )/L(pn+1 )(1 − 
p−n−1
f fpn+1
−p−n−1
f )
agg
=
∏
g∈G(L/Q)
NQ(
fpn+1 )/L(pn+1 )(1 − fpn+1)a
gg
= NQ(
fpn+1 )/L(pn+1 )(fpn+1).
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Hence it satisﬁes the hypothesis of Theorem 7. Now we apply Corollary 8.∑
g∈G(L/Q) logp(p((P(1))g
−1
)) g is equal to
∑
g∈G(L/Q)
logp
⎛
⎜⎝ p
⎛
⎜⎝
⎛
⎝ ∏
g∈G(L/Q)
∏
w∈G(Q(f )/L)
(1 − wf )a
gg
⎞
⎠g
−1⎞⎟⎠
⎞
⎟⎠ g
=
∑
g∈G(L/Q)
t logp(p((NQ(f )/L((f )))
g−1))g
=
∑
g∈G(L/Q)
t logp(p((NQ(f )/L((f )))
g−1))g.
As we are computing an annihilator of the p-primary part Clp(Lre) and t is prime to
p, this completes the proof of Theorem 1. 
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